Abstract-Modified Korteweg-deVries equation (mK-dV), which governs the behavior of ion acoustic solitons in a relativistic warm plasma with density gradient, is derived. The electron inertia is also taken into account which is important when the streaming ions are present in the plasma. A solution of the mK-dV equation is obtained for the constant density gradient When the ion acoustic soliton propagates into the lower plasma density region, its amplitude and energy increase, but the width decreases,* the same is the case for the stronger density gradients.
Ion Acoustic Solitons in a Relativistic Warm Plasma with Density Gradient
H. K. Malik
Abstract-Modified Korteweg-deVries equation (mK-dV), which governs the behavior of ion acoustic solitons in a relativistic warm plasma with density gradient, is derived. The electron inertia is also taken into account which is important when the streaming ions are present in the plasma. A solution of the mK-dV equation is obtained for the constant density gradient When the ion acoustic soliton propagates into the lower plasma density region, its amplitude and energy increase, but the width decreases,* the same is the case for the stronger density gradients.
I. INTRODUCTION
T HERE ARE nonlinear evolution equations governing the propagation and behavior of waves in plasmas under a variety of physical conditions. For a weakly nonlinear and dispersive plasma, a time-dependent perturbation leads to the well-known Korteweg-deVries (K-dV) equation which describes the one-dimensional (1-D) solitary waves propagating in the long-wavelength region [1] . Plasmas with high-energy streaming ions-are found, for example, in the plasma sheet boundary layer of the earth's magnetosphere [2] and in the Van Allen radiation belts [3] . The nonlinear effects that are observed in these plasmas can be divided into the following groups [4] . One of these is because of the variation in plasma temperature caused by a strong radio-frequency field acting on a collisionless plasma. These can be called nonlinear phenomena of the heating type. Another effect is caused by a variation in the plasma properties under the influence of an external source of field and they are called nonlinear phenomena of the parametric type. One very important class of the nonlinear phenomena observed in these plasmas is called solitons.
Recently, there has been considerable interest in these kinds of nonlinear waves (ion acoustic solitons) in relativistic plasmas [5] - [12] . For a weakly relativistic cold plasma, Das and Paul [7] showed that the solitary waves exhibit the relativistic effect in the presence of streaming ions. Tagare [13] and Nejoh [5] have investigated the soliton propagation, respectively, in nonrelativistic and relativistic plasmas consisting of finite temperature ions. It has been shown that the electron inertia is important when the streaming ions are present in the plasma [8] . Taking the combined effect of electron inertia and finite ion temperature, recently, a limit on the ion drift velocity was obtained for the existence of the ion acoustic solitons [10] . It can be noted that most of the investigations for the ion acoustic solitons have been made in the homogeneous relativistic plasma. However, Singh and Dahiya [6] studied the propagation of the ion acoustic soliton in an inhomogeneous relativistic plasma, but they did not include the electron inertia, and also the density gradient was finally neglected. The electron inertia was considered by Malik et al. [10] , but they studied the ion acoustic solitons in a homogeneous plasma.
Here an attempt has been made to study the propagation of ion acoustic solitons in a relativistic plasma which has finite temperature ions and density gradient. The electron inertia, which was earlier neglected, is also included in the present analysis. The behavior of the ion acoustic solitons in a relativistic warm plasma with density gradient is governed by a modified Korteweg-deVries (mK-dV) equation, which is obtained in the present paper.
II. BASIC EQUATIONS AND PHASE VELOCITY
A collisionless, unmagnetized, and spatially inhomogeneous plasma, which has hot isothermal electrons and relativistic streaming warm ions, is considered. The basic fluid equations for the present system, in the nondimensional form, can be written as [5] , [10] 
(m e /mi)[u et + u e u ex ] -(jy x + (l/n e )n ex = 0, (5) (j> xx -n e + n = 0.
In these equations, the relativistic factor 7 = (1 -u 2 /c 2 )~1 /2 « 1 + u 2 /2c 2 , with u < c. The subscripts x and t denote the differentiation. The equations with the subscript e stand for the electron fluid, a is the ion-to-electron temperature ratio (i.e., Ti/T e ).
A reduction perturbation method is used to solve the basic equations. The appropriate set of the stretched coordinates is taken as
with Ao as the phase velocity and e as a small expansion parameter. The quantities n, n e , u, u e , p, and <j> are expressed in the following form:
where / = (n, n e ,p, <j>) and UQ is the ion drift velocity. Using (7) and (8) in the basic fluid equations, the terms of order
0.
The following relation is found at order e:
n e i =m.
The terms of the order e 3 / 2 give rise to the following: 
The elimination of quantities n\, n e \, </>i, pi, and u ei from (16H20) yields (21), shown at the bottom of the page. This relation shows that the left-hand side is a first-order quantity while the right-hand side contains only the zeroth-order quantities. The right-hand side of (21) is made indeterminate (as the first-order terms cannot be expressed in the form of the zeroth-order terms), which yields the following: Since m e /mi <C 1, o < 1, and 71 l < 1, (23) can be approximated to obtain the following expression for the phase velocity Ao:
The dependence of the phase velocity on the electron mass m e and ion-to-electron temperature ratio a is evident from (24). A self-consistent relation between the zeroth-order quantities is given by (22).
m. MODIFIED KORTEWEG-DEVRIES EQUATION
The equation at order e 2 is (l/A 0 2 )<Ai« -n e2 + n 2 = 0.
With the use of (9) and (10), the terms of order e 5/2 give In obtaining (31), the assumption (no,,/no) <C 1, which means that the scale length of the density gradient is much larger than the width of the soliton, has been used. This assumption is needed so that the soliton can experience the effect of plasma inhomogeneity. The various coefficients appearing in (31) are given by a = {1 4-(m e /TOi)A 0 2 + 3^7!(1 + 371) One can find the soliton solution of the modified KortewegdeVries equation (31) by introducing a variable v = £ -Cn, where C is a constant velocity [14] . Thus, the obtained solution of (31) for the constant density gradient can be put in the following form:
where <f> m and L are, respectively, the peak soliton amplitude and the soliton width. The peak soliton amplitude and the width are given by
With the use of integral E = J^ 4>i 2 (u) du, one can find the expression for the energy of the ion acoustic soliton [14] , which is written as
Now, the effect of nonuniform plasma density no on the properties of ion acoustic soliton can be seen for the fixed values of a and the ion drift velocity u 0 . It is evident from (33) that the peak soliton amplitude <j> m is directly proportional to [C + a^norj] and inversely proportional to the nonlinearity coefficient a. Since a and C are independent of no but a\ is inversely proportional to no, the amplitude (f> m is directly proportional to £/n 0 . Thus, as the time £ increases, the amplitude of the soliton increases with the decreasing plasma density. It can be noted from (34) that the soliton width L is directly proportional to 0 1 ! 2 and inversely proportional to [C + ai£,no n \ l l 2 . The coefficient of dispersion /? is inversely proportional to no, and also the coefficient a\ varies inversely with no. Hence the soliton width will go down for a decreasing plasma density as the denominator [C + ai^no,,] 1 / 2 increases more rapidly than J3 1 / 2 with the advancing time £. The energy E of the soliton will enhance for the lower plasma density. The reason for the increasing energy is self-explanatory from (35). It is evident from (33)-(35) that the amplitude and energy of the soliton increase, but the soliton width decreases for the stronger density gradient existing in the plasma.
It can also be noted from (24) that the phase velocity of the ion acoustic solitons will be real [10] for the values of "o < (1 + 3<r) 1/ ' 2 (mi/m e ) 1 / 2 . Hence, for the existence of the ion acoustic solitons, the drift velocity UQ should have the values prescribed by this limit which depends on ion-toelectron temperature ratio a.
The following conclusions can be drawn from the present analysis. The ion acoustic solitons, propagating in a relativistic plasma which has finite temperature ions and density gradient, are described by the modified Korteweg-deVries (mK-dV) equation (31). The density inhomogeneity significantly affects the soliton properties in the relativistic plasma. The amplitude and energy of the soliton increase whereas the width decreases when it propagates into the lower plasma density region; the same is the case for the stronger density gradients. The ion acoustic solitons, in a relativistic warm plasma with density gradient, are possible only when the ion drift velocity u 0 < /
